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Chapter 9 Eigenvalues

{v®,...,v®} is linearly independent if
0= +....+av" impliesall « are zeros
If v@,...,v™} isa set of linearly independent vectors in R", then for

any vector veR", there exists unique coefficients g such that

If A isamatrixand 4,...,4, aredistinct eigenvalues of A with

associated eigenvectors v®,...,.v® then {v®,..,v®} is linearly
independent.
Orthogonal matrix Q'Q=1

Similar matrices A=S™'BS, A~B
Two similar matrices have the same eigenvalues
Suppose that A isan nxn symmetric matrix
Then (1) all eigenvalues of A are real
(2) A issimilar to a diagonal matrix
(3) all eigenvalues of A are positive if A is positive definite.

Gerschgorin Theorem

Let Abean nxn matrixand R denote the circle in the complex plane
with center a, andradius R ={zeC|jz-a]|< Y |a;}}.
j=1, j=i

The eigenvalues of A are contained within R=U|R,.

§ The power method
1. Suppose a matrix A has eigenvalues 4,...., A4 and the associated

eigenvectors v®,....., v . Further, |A]|>[4,|>...>|4]

1
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For any vector x, the following expression is unique

X=> av®
i=1
n ) n ) n ﬂ,k )
Then A'x=Y g Av" =3 g2 = 2[ay® +Y Zlkvm]
i=1 i=1 i=2

n /kaJrl )
AR = LM v® + Z a, -]

~ /,ilk+1

Let [0 =1-x?, Then Jim & s _
” ke (A'X),

2. A* haseigenvalues 4*,...., 4,;' and the associated eigenvectors

n

| >.....> |4 The power method can be used to

calculate 2* and v®.
§ Wielandt deflation
Suppose a matrix A has eigenvalues 4,,...., 4 and the associated

eigenvectors v®,....., v®. Further, |4]|>|4,|>...>|4|. Let x bea

vector with

x'v® =1. Then the matrix B=A-1v®x" has eigenvalues 0,4,,...., 4

n

with associated eigenvectors v®, w®....., w", where v® and w® are
related by the equation

VO = (4 - AW + 4 (WO, =2~
Remark:

N 1
AVO = 2v® implies {a,..a W =v" or w{ail....ain}v(“:l
i

So, X' =——
AV,
1

B=A- 479X = A— 47 pave {a,...a,}

The ith row of B is



Chapter 9 9/20/2013 Prof. R.-T. Wang

{b;- by ={ay 8.} - 4w A\iﬂ)

which implies the ith row of B is a zero row.

{8,-2,)

Since Bw® =aw®, then w® =0.

Neglecting both the ith row and the ith column yields an (n-1)x(n-1)

matrix B’.

Obtaining the largest eigenvalue A’(=4,) and its corresponding
eigenvector w® of B'. Then w® isobtained as {w®"...0.w*}

and v = (1 — )@ + A (KWW, i=2~n.

4 -1 1
Ex. A=[-1 3 -2| has 4, =6, 4,=3, A4 =1,
1 -2 3
1 -1 -2 2 0
v =d1bor vO =01}, v@O =41t or vP =210, v =011 or v =
1 -1 1 -1 1

First, take v® ={1,-1,1}", v 20, X' :ﬁ{m -1, 1}=%{4, -1 3
Vl

4 -1 1 0 0 0
B=-1 3 -2|-4v"%"=[{3 2 -1
1 2 3 -3 -1 2

Second, neglecting both the first row and the first column of B® vyields

8™ _ 2 -1

-1 2
which has the largest eigenvalue A =3 and the associated eigenvector
W ={1,-1}" .

So, B® has the largest eigenvalue A =3 and the associated eigenvector
w? ={0,1,-1}".

Accordingto v = (4 - A4)W® + 4 (X"wO )W,

we obtain

0
-1
-1
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v® =(3-6){0,1,-1}" +6x %{4, ~1,1{0,1, -1 {1, -, 1}

v@ ={-2-1 1} .

o 1
Thll‘d, XT = ‘?’X—\N:EZ)*{Z, —1},

B‘3>:[21 _21}—3w<2)*7€ or

s oot ]
-1 2 -1/ 3 11

Neglecting the first row and the first column of B® vyields

B =[1],

Which has the eigenvalue A =1 and the associated eigenvetorc w®* ={1}. So, B®

has has the largest eigenvalue A =1and the associated eigenvector W™ = (0 1)
The eigenvector corresponding A=1 of B is

1-3 {2}+3x%{2—1}{2}{_11} - ‘{i}

\7(3) :{O,—l, —l}T
§ Annihilation Technique
Suppose the nxn matrix A has eigenvalues A,,..., 4, ordered by

A |82 2]

with linearly independent eigenvectors V& ,...., V",
Properties:

a. The power method applied with X© = V@ + ...+ V™ will obtain A,
b. Forany X, the power method applied with X© =(A-41)X will obtain A,

c. Further, the power method applied with X © = (A-41)(A-4,1)X  will obtain

Ay
§ Householder’s method
The Householder’s method is used to reduce a symmetric tridiagonal matrix to a
similar matrix that is nearly diagonal.
Define a Householder transformation as
P=1-2ww' eR™, where wWw=1. PP" =1.
Given a symmetric matrix A tofind P® suchthat A® =PYAP® has

al? =al? =0, j=34,.,n.
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Set w,=0, w={0Ow,.w}, PO=1-20w" =1-2{0w,.w}{Ow,.w}
PYa, a, ..a,} ={a, @ 00..0}', a isunkown.
PO = | — 20w =1 -2{w,.w }{w,.w} P%a, ..a,} ={«00..0}
Let {w,..w . Ha,, ..a,} =r, {«¢ 00. 0} ={a, -2rw, ...a,,—2rw,}
implies 2rw, =a, —a, 2rw;=a;, j=3,...,n.
Based on Zn:wf =1, 4r’=(ay—a)’+a}, = Zn:aj?l —2aay, +a’

i=2 i=2
a?={a00.0{a 00.0} ={a, ..a,} PY"PYa, ..a }
a’={a, ..a Ha, ..a,} = éai
implies 2r’ = azzn:afl —aa, =a’ —aa,

j=2

Choose a =-sgn(a,,)(> a})"*, then r= (%062 _%aaﬂ)ﬂz’
=2

a —a a; .
w=0, wy="22= w=-2, j=3.,n
2r 2r
(2) (2)
a,; a, 0 0
(2) (2)
A(Z) — P(l)AP(l) — aZl . . a2n
(2) (2)
0 anz ' aﬂn

n 1 1
Next, o =-sgn(al),)( > al’?)"?, r= (Eaz _Eaalgli)l,k e
j=k+1

(k)
A — A

(N (S Y (SR () _
W =w," =..=w" =0, w, = or

a:
' W§k>:21_k, j=k+2,..,n.
r

AlD — pl) A plk)

Continuing the process yields A =p®2  pOAp®  ph-2)

§ QR Factorization

If A isan mxn matrix of rank n, then A can be factored into a product QR,
where Q isan mxn matrix with orthonormal columnsand R isan nxn matrix

that is upper triangular and invertible.
Prof:
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My Mo
0 r r
A: ‘a =1g o 22 2n [l
[al n] [1 qn] O 0 .
0 0. 0 r

a =m0, & =00+0,0, 8 =030 +;0, +0,.

ai = r]_iql + rziqz + r-C'Xiqf'} ot riiqi ' qiqu = é‘U
”31” = r11||q1|| =, implies 0, = a1/"11
h, = qlTaz’ 8, — 1,0, =10, Iy = ”32 - rqul” "

riiqi :ai _rliq1_r2iq2 _r3iq3_"" quai = rji’ 1< J <i,

i = ”ai — 10, — 10, — 50, _” ) qi = (ai — ;G =10, — r3iq3 _)

Let A®=RQ, A®”=Q'AQ=Q'AQ
HW
1. Use the power method to estimate all eigenvalues of

2 11
A=|1 2 1
11 2

Ir..



