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Chapter 9 Eigenvalues 

(1) ( ){ ,...., }kv v
   is linearly independent if 

(1) ( )
1 ..... k

ko v v       implies all i  are zeros 

If (1) ( ){ ,...., }nv v
   is a set of linearly independent vectors in nR , then for 

any vector nv R , there exists unique coefficients i  such that 

(1) ( )
1 ..... n

nv v v       

If A  is a matrix and 1 ,…, k  are distinct eigenvalues of A  with 

associated eigenvectors (1) ( ),...., kv v
  , then (1) ( ){ ,...., }kv v

   is linearly 

independent. 

Orthogonal matrix TQ Q I  

Similar matrices 1A S BS , ~A B  
Two similar matrices have the same eigenvalues 
Suppose that A  is an n n  symmetric matrix 
Then (1) all eigenvalues of A  are real 

(2) A  is similar to a diagonal matrix 
(3) all eigenvalues of A  are positive if A  is positive definite. 

 

Gerschgorin Theorem 

Let A be an  n n  matrix and iR  denote the circle in the complex plane 

with center iia  and radius  
1,

{ }
n

i ii ij
j j i

R z C z a a
 

     . 

The eigenvalues of A are contained within 1
n
i iR R  . 

  

§ The power method 

1. Suppose a matrix A  has eigenvalues 1 ,…., n  and the associated  

eigenvectors (1)v
 ,….., ( )nv

 . Further, 1 2 ..... n      
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For any vector x
 , the following expression is unique 

( )

1

n
i

i
i

x v


    

Then ( ) ( ) (1) ( )
1 1

1 1 2 1

[ ]
kn n n

k k i k i k ii
i i i i k

i i i

A x A v v v v
     
  

           

1
1 1 (1) ( )

1 1 1
2 1

[ ]
kn

k k ii
i k

i

A x v v
  



 




     

Let (1) (1)1 pv x

  , Then 

1

1

( )
lim

( )

k
p

kk
p

A x

A x








 . 

2. 1A  has eigenvalues 1
1
 ,…., 1

n
  and the associated eigenvectors  

(1)x
 ,….., ( )nx

 . 1 1
1.....n    . The power method can be used to 

calculate 1
n
  and ( )nv

 . 

§ Wielandt deflation 

Suppose a matrix A  has eigenvalues 1 ,…., n  and the associated  

eigenvectors (1)v
 ,….., ( )nv

 . Further, 1 2 ..... n     . Let x
  be a 

vector with 

(1) 1Tx v   . Then the matrix (1)
1

TB A v x     has eigenvalues 20, ,…., n  

with associated eigenvectors (1)v
 , (2)w

 ….., ( )nw
 , where ( )iv

  and ( )iw
  are 

related by the equation 

( ) ( ) ( ) (1)
1 1( ) ( )i i T i

iv w x w v         , 2 ~i n . 

Remark: 
(1) (1)

1Av v   implies (1) (1)
1 1{ .... }i in ia a v v  or (1)

1(1)
1

1
{ .... } 1i in

i

a a v
v

  

So, 1(1)
1

1
{ ..... }T

i in
i

x a a
v

  

(1) (1)
1 1 1(1)

1

1
{ .... }T

i in
i

B A v x A v a a
v

 


       

The ith row of B  is 
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(1)
1 1 1 1(1)

1

1
{ .... } { ... } { ... }i in i in i i in

i

b b a a v a a
v




    

which implies the ith row of B  is a zero row. 

Since (2) (2)Bw w  , then (2) 0iw  . 

Neglecting both the ith row and the ith column yields an ( 1) ( 1)n n    

matrix B . 

Obtaining the largest eigenvalue 1 2( )    and its corresponding 

eigenvector (1)w  of B . Then (2)w
  is obtained as (1) (2)

1 1{ ....0... }nw w 
  

and ( ) ( ) ( ) (1)
1 1( ) ( )i i T i

iv w x w v        
, 2 ~i n . 

Ex. 

4 1 1

1 3 2

1 2 3

A

 
    
  

 has 1 6  , 2 3  , 3 1  , 

(1)

1

1

1

v

 
   
 
 


, or (1)

1

1

1

v

 
   
  


, (2)

2

1

1

v

 
   
 
 


 or (2)

2

1

1

v

 
   
  


, (3)

0

1

1

v

 
   
 
 


 or (3)

0

1

1

v

 
   
  


 

First, take (1) {1, 1,1}Tv  
, (1)

1 0v  , 
(1)

1 1

1 1
{4, 1,  1} {4, 1,  1}

6
Tx

v
   

 

(1) (1)
1

4 1 1 0 0 0

1 3 2 3 2 1

1 2 3 3 1 2

TB v x
   

           
        

 
 

Second, neglecting both the first row and the first column of  (1)B  yields 

(2) 2 1

1 2
B

 
   

  

which has the largest eigenvalue 3   and the associated eigenvector 
(2) {1, 1}Tw   

. 

So, (1)B  has the largest eigenvalue 3   and the associated eigenvector 
(2) {0,1, 1}Tw  

. 

According to ( ) ( ) ( ) (1)
1 1( ) ( )i i T i

iv w x w v        
, 

we obtain  
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(2) 1
(3 6){0,1, 1} 6 {4, 1,1}{0,1, 1} {1, 1,1}

6
T T Tv        

 

(2) { 2, 1,  1}Tv   
. 

Third, 
(2)
1

1
{2, 1}

3
Tx

w  



,  

(3) (2)2 1
3

1 2
TB w x

 
   

 
 or 

(3) 2 1 1 0 01
3 {2 1}

1 2 1 1 13
B

     
             

, 

Neglecting the first row and the first column of (3)B  yields 
(4) [1]B  ,  

Which has the eigenvalue 1   and the associated eigenvetorc (3) {1}w  
. So, (3)B  

has has the largest eigenvalue 1  and the associated eigenvector (3) (0 1)Tw 
 

The eigenvector corresponding 1   of B  is 

0 0 1 11
(1 3) 3 {2 1}

1 1 1 13

      
                 

 

 
(3) {0, 1, 1}Tv   

 

§ Annihilation Technique 

Suppose the n n  matrix A  has eigenvalues 1 ,…, n  ordered by 

1 2 3 .... n        

with linearly independent eigenvectors (1)V


,…., ( )nV


. 

Properties: 

a. The power method applied with (0) (2) ( )
2 ..... n

nX V V   
  

 will obtain 2  

b. For any X


, the power method applied with (0)
1( )X A I X 

 
 will obtain 2  

c. Further, the power method applied with (0)
1 2( )( )X A I A I X   

 
 will obtain  

3 . 

§ Householder’s method 

  The Householder’s method is used to reduce a symmetric tridiagonal matrix to a 

similar matrix that is nearly diagonal. 

Define a Householder transformation as 

2 T n nP I ww R    
, where  1Tw w  

. TPP I . 

Given a symmetric matrix A  to find (1)P  such that (2) (1) (1)A P AP  has  

(2) (2)
1 1 0j ja a  , 3, 4,...,j n . 
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Set 1 0w  , 2{0 ... }T
nw w w , (1)

2 22 2{0 ... } {0 ... }T T
n nP I ww I w w w w    

 

(1)
11 21 1 11{   ... } {   0 0 .. 0}T T

nP a a a a  ,   is unkown. 

(1)
2 2

ˆ 2 2{ ... } { ... }T T
n nP I ww I w w w w    

, (1)
21 1

ˆ {  ... } {  0 0 .. 0}T T
nP a a   

Let 2 21 1{ ... }{  ... }T
n nw w a a r , 21 2 1{  0 0 .. 0} { 2  ... 2 }T

n na rw a rw     

implies 2 212rw a   , 12 j jrw a , j =3, . .. , n. 

Based on 2

2

1
n

j
j

w


 , 2 2 2 2 2
21 1 1 21

2

4 ( ) 2
n

j j
j

r a a a a  


       

2 (1) (1)
21 1 21 1

ˆ ˆ{  0 0 .. 0}{  0 0 .. 0} {  ... } {  ... }T T T T
n na a P P a a     

2 2
21 1 21 1 1

2

{  ... }{  ... }
n

T
n n j

j

a a a a a


    

implies 2 2 2 2
1 21 21

2

2
n

j
j

r a a a   


     

Choose 2 1/ 2
21 1

2

sgn( )( )
n

j
j

a a


   , then 2 1/ 2
21

1 1
( )
2 2

r a   , 

1 0w  , 21
2 2

a
w

r


 , 1

2
j

j

a
w

r
 , j =3,. ., n. 

(2) (2)
11 12
(2) (2)

(2) (1) (1) 21 2

(2) (2)
2

0 0

. .

0 . . .

0 .

n

n nn

a a

a a
A P AP

a a

 
 
  
 
 
  

 

Next, ( ) ( )2 1/ 2
1,

1

sgn( )( )
n

k k
k k jk

j k

a a 
 

   , 2 ( ) 1/ 2
1,

1 1
( )
2 2

k
k kr a    , 

( ) ( ) ( )
1 2 .. 0k k k

kw w w    , 
( )

1,( )
1 2

k
k kk

k

a
w

r





 , 

( )
( )

2

k
jkk

j

a
w

r
 , j = 2k  , . ., n. 

( 1) ( ) ( ) ( )k k k kA P A P  . 

Continuing the process yields ( 1) ( 2) (1) (1) ( 2)... ...n n nA P P AP P   . 
§ QR Factorization 

If A  is an m n  matrix of rank n, then A  can be factored into a product QR , 

where Q  is an m n  matrix with orthonormal columns and R  is an n n  matrix 

that is upper triangular and invertible. 

Prof: 
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11 1

22 2
1 1

.. ..

0 ...
[ .... ] [ .... ]

0 0 .. .

0 0... 0

n

n
n n

nn

r r

r r
A a a q q

r

 
 
  
 
 
 

   
,  

1 11 1a r q 
,  2 12 1 22 2a r q r q   

, 3 13 1 23 2 33 3a r q r q r q     
,.. 

1 1 2 2 3 3 ...i i i i ii ia r q r q r q r q        
, T

i j ijq q  
 

1 11 1 11a r q r  
 implies 1 1 11/q a r 

 

12 1 2
Tr q a   , 2 12 1 22 2a r q r q   

, 22 2 12 1r a r q  
,.. 

1 1 2 2 3 3 ...ii i i i i ir q a r q r q r q        
, T

j i jiq a r 
, 1 j i  , 

1 1 2 2 3 3 ...ii i i i ir a r q r q r q       
, 1 1 2 2 3 3( ...) /i i i i i iiq a r q r q r q r        

. 

Let (2)A RQ , (2) 1 TA Q AQ Q AQ   

HW  

1. Use the power method to estimate all eigenvalues of 

 
2 1 1

1 2 1

1 1 2

A

 
   
  

 

 


